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Abstract: We examine the systematics of deep inelastic neutrino scattering from 
complex nuclei by computing the cross section for quasi-elast ic  scat ter ing and 
for quasi-free resonance production. We retain relat ivist ic  kinematics for the 
recoil ing part icle and the full relat ivist ic  hadronic weak vertex. The isobar cross 
section is expressed in terms of helieity amplitudes of the weak current ,  defined 
through an application of the Jacob-Wick formalism to the general isobar-nucleon 
weak vertex. The cross section is computed analytically for the nuclear Fermi  
gas model. We s t ress  that exactly the same model has already been very success-  
fully applied to inelastic electron scat ter ing from complex nuclei. 

1. INTRODUCTION 

With the e m e r g e n c e  of m e d i u m  and high e n e r g y  a c c e l e r a t o r s  capab le  of 
p r o d u c i n g  h i g h - i n t e n s i t y  n e u t r i n o  b e a m s ,  n e u t r i n o  r e a c t i o n s  on n u c l e a r  
t a r g e t s  can  be s tud ied  e x p e r i m e n t a l l y  with much  g r e a t e r  p r e c i s i o n  than was 
p r e v i o u s l y  p o s s i b l e .  Such p r o c e s s e s  can  p r o v i d e  i n f o r m a t i o n  both on the 
d y n a m i c s  of n u c l e a r  s y s t e m s  and on the weak i n t e r a c t i o n s  of e l e m e n t a r y  
p a r t i c l e s .  F i r s t ,  the n e u t r i n o  r e p r e s e n t s  a new probe  with which the n u c l e a r  
p h y s i c i s t  can s tudy  the s t r u c t u r e  of complex  nuc le i .  In p a r t i c u l a r ,  the 
c o n s e r v e d  v e c t o r  c u r r e n t  hypo the s i s ,  which iden t i f i e s  the i s o v e c t o r  h a d r o n i c  
e l e c t r o m a g n e t i c  c u r r e n t  and the h a d r o n i c  weak v e c t o r  c u r r e n t s  as  an i s o -  
t r i p l e t ,  i m p l i e s  that  n e u t r i n o  r e a c t i o n s  can f u r n i s h  both the v e c t o r  and 
ax i a l  v e c t o r  n u c l e a r  c u r r e n t  d e n s i t i e s  when c o m b i n e d  with the a p p r o p r i a t e  
e l e c t r o n  s c a t t e r i n g  m e a s u r e m e n t s .  F o r  the p a r t i c l e  p h y s i c i s t ,  n e u t r i n o  
induced  p r o c e s s e s  offer  the only  p r e s e n t l y  f e a s i b l e  method  for  i n v e s t i g a t i n g  
the weak i n t e r a c t i o n  at  high e n e r g y ,  and n u c l e a r  t a r g e t s  a r e  c e r t a i n  to f ind 
wide use  in t he se  i n v e s t i g a t i o n s  in o r d e r  to enhance  the coun t ing  r a t e s .  A 
r e l i a b l e  t heo ry  of the n u c l e a r  s t r u c t u r e  e f fec t s  is e s s e n t i a l  for e x t r a c t i n g  
the " e l e m e n t a r y "  n e u t r i n o - n u c l e o n  a m p l i t u d e s  f r o m  e x p e r i m e n t a l  data. 
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N. S. F. Predoctoral  Fellow. 
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Fellow. 



606 R . A .  Smith and E. J. Moniz ,  Neutrino react ions 

We examine the systematics of deep inelastic neutrino scattering$ from 
complex nuclei, within the framework of the nuclear Fermi gas model. Our 
calculation is an extension of earlier work on inelastic electron scattering 
[1] and assumes that the large momentum transfer, large energy loss part 
of the cross section corresponds roughly to "quasi-free" scattering; i.e., 
to direct collisions with the individual nucleons in the nucleus. We make a 
first attempt to compute the neutrino cross section in the region of lepton 
energy loss corresponding to excitation of the (3 - 3) resonance by assuming 
that quasi-free N* excitation dominates single pion production. The quasi- 
elastic scattering is computed in the same model. 

Other authors have calculated the neutrino quasi-elastic cross section. 
Goulard and Primakoff [2] use SU(4) supermultiplet theory and the closure 
approximation to calculate d(~/d~. In their model, the nucleons in the ground 
state of the target are treated non-relativistically in the impulse approxi- 
mation, while the recoil nucleon is relativistic. They employ a non-rela- 
tivistic reduction of the nuclear vertex. Piketty [3] considers target states 
comprised of either non-relativistic or relativistic nucleons for large 
nuclei and uses the nuclear shell model for light nuclei. The ejected nucleon 
is treated relativistically. These calculations include a nuclear absorption 
factor for the recoiling nucleon. In sect. 5 we argue, as L¢vseth [4] has, 
that this factor should not be included when only the final lepton is observed. 
York-Peng Yao [5] derives an analytic expression for quasi-elastic scat- 
tering from a relativistic Fermi gas by averaging single nucleon cross 
sections appropriate for parallel nucleon and neutrino momenta over all 
nucleon velocities. As this author himself points out, there is an ambiguity 
in this procedure. We sum the square of the matrix element over the nu- 
clear states. Our results do not quite agree with those obtained by Yao, 
even in the limit of zero binding energy; however, we feel that ours is a 
more consistent procedure. L~vseth [4] has computed both electron and 
neutrino quasi-elastic cross sections on target states with realistic momen- 
tum distributions. He uses relativistic kinematics and amplitudes. Bell and 
Llewellyn-Smith [6] compute d(~/dgt using non-relativistic target nuclear 
shell wave functions and a recoil factor corresponding to scattering from a 
stationary nucleon. The amplitude is obtained by reduction of the relativistic 
amplitude. 

Our work is motivated by the very successful application of the same 
model to quasi-elastic electron scattering on a wide variety of nuclear 
targets [7] and by the general agreement with the isobar peaks revealed by 
the recent high energy electron scattering experiments of Titov et al. [8]. 
Our neutrino quasi-elastic scattering and isobar excitation results comple- 
ment the work on electron scattering and allow us to look at the four related 
processes all in the same model. As in the earl ier  work, we use relativistic 
kinematics and the full relativistic weak interaction vertex for both neutrino 
processes. The target nucleon wave functions are taken to be plane waves 

Neutrino scattering is taken to mean u~(~) --~ ~-(~+) and "deep inelastic" implies 
that the lepton energy loss is large compared to the energy needed for nuclear 
breakup. 
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with  e n e r g i e s  l o w e r e d  f r o m  f r e e  p a r t i c l e  e n e r g i e s  by an a v e r a g e  n u c l e a r  
p o t e n t i a l .  A l though  th i s  c h o i c e  of wave  func t i ons  c o r r e s p o n d s  to a n u c l e u s  
wi thou t  d e t a i l e d  s t r u c t u r e ,  the  d o m i n a n t  f e a t u r e s  of the  n u c l e a r  c r o s s  s e c -  
t ion  a r e  c o n s i s t e n t l y  r e p r e s e n t e d .  

The  p a r a m e t e r s  of n u c l e a r  F e r m i  m o m e n t u m  and p o t e n t i a l  dep th  m a y  
a l s o  be  d e t e r m i n e d  f r o m  e l e c t r o n  s c a t t e r i n g  e x p e r i m e n t s .  The  e x c e l l e n t  
a g r e e m e n t  of the  e l e c t r o n  s c a t t e r i n g  r e s u l t s  [7] s u g g e s t s  that  our  s i m p l e  
c a l c u l a t i o n  shou ld  p r o v i d e  a r e l i a b l e  e s t i m a t e  of the  w e a k  i n t e r a c t i o n  
r e s p o n s e  func t ion  in the  r e g i o n  of q u a s i - e l a s t i c  s c a t t e r i n g  and r e s o n a n c e  
p r o d u c t i o n .  

An u n d e r s t a n d i n g  of the  q u a s i - e l a s t i c  and N* p e a k s  is  i n t e r e s t i n g  fo r  
s e v e r a l  r e a s o n s .  The  q u a s i - e l a s t i c  p e a k  d i r e c t l y  m e a s u r e s  the  s i n g l e -  
p a r t i c l e  s t r u c t u r e  of the  n u c l e u s ,  and  n e u t r i n o  ( a n t i n e u t r i n o )  s c a t t e r i n g  can  
b e  u sed  to p r o v i d e  a d y n a m i c a l  d e t e r m i n a t i o n  [7, 9] of the ne u t ron  (p ro ton)  
F e r m i  m o m e n t u m  and a v e r a g e  i n t e r a c t i o n  e n e r g y  a s  a func t ion  of a t o m i c  
n u m b e r .  One would  then l ike  to u se  the  knowledge  of the  q u a s i - e l a s t i c  p e a k  
to " r e m o v e "  the n u c l e a r  p h y s i c s  and thus  to l e a r n  s o m e t h i n g  about  the  
c r e a t i o n  and p r o p a g a t i o n  of nuc leon  i s o b a r s  in the  n u c l e a r  m e d i u m .  F i n a l l y ,  
s e p a r a t i o n  of the  s t r i c t l y  n u c l e a r  e f f ec t s  f r o m  m e s o n  p r o d u c t i o n  i s  in i t s e l f  
i m p o r t a n t .  F o r  e x a m p l e ,  th i s  s e p a r a t i o n  is  r e q u i r e d  in t e s t i n g  B e l l ' s  p r e -  
d i c t i o n  of a n u c l e a r  s h a d o w  ef fec t  in f o r w a r d  n e u t r i n o  r e a c t i o n s  [10] and,  
b e c a u s e  of the  e n e r g y  s p r e a d  in n e u t r i n o  b e a m s ,  in e x t r a c t i n g  nuc l e on  f o r m  
f a c t o r s  f o r m  n u c l e a r  s c a t t e r i n g  e x p e r i m e n t s  [11]. Th i s  l a c k  of good e n e r g y  
r e s o l u t i o n  does  l i m i t  the u s e f u l n e s s  of n e u t r i n o  b e a m s  in n u c l e a r  p h y s i c s  in -  
v e s t i g a t i o n s ;  o u r  c a l c u l a t i o n  has  the a d v a n t a g e  of y i e l d i n g  an a n a l y t i c  ex -  
p r e s s i o n  fo r  the  n e u t r i n o  c r o s s  s e c t i o n ,  so  i t  m a y  be r e a d i l y  a v e r a g e d  o v e r  
any  r e a l  n e u t r i n o  s p e c t r u m .  

In s e c t .  2 we d e r i v e  the  g e n e r a l  c r o s s  s e c t i o n  fo r  n e u t r i n o  s c a t t e r i n g  
f r o m  n u c l e i  in t e r m s  of the  n u c l e a r  r e s p o n s e  funct ion .  In s e c t .  3 we r e l a t e  
the  r e s p o n s e  func t ion  to the  s i n g l e  nuc l eon  a m p l i t u d e s .  We a p p l y  the h e l i c i t y  
a n a l y s i s  of J a c o b  and Wick  [12] to a s tudy  of an a r b i t r a r y  i s o b a r - n u c l e o n  
w e a k  v e r t e x ,  which  a l l o w s  us to e x p r e s s  the  r 2 s p o n s e  func t ion  fo r  q u a s i -  
f r e e  e x c i t a t i o n  of any  i s o b a r  d i r e c t l y  in t e r m s  of h e l i c i t y  a m p l i t u d e s  of the  
v e c t o r  and a x i a l  c u r r e n t s .  N u m e r i c a l  r e s u l t s  u s ing  p a r a m e t e r s  d e t e r m i n e d  
f r o m  e l e c t r o n  s c a t t e r i n g  a r e  p r e s e n t e d  in sec t .  4. In s e c t .  5 we d i s c u s s  the  
v a l i d i t y  of the  m o d e l  and s u m m a r i z e  the  m a i n  r e s u l t s .  

2. G E N E R A L  R E S U L T S  FOR NEUTRINO S C A T T E R I N G  

We c o n s i d e r  the  p r o c e s s  i l l u s t r a t e d  in fig.  1, in which  a c h a r g e d  l ep ton  
of m a s s  m e i s  d e t e c t e d  at  an a n g l e  0 wi th  r e s p e c t  to the  i n c i d e n t  n e u t r i n o .  
F r o m  the c u r r e n t - c u r r e n t  f o r m  of the  i n t e r a c t i o n ,  the  u sua l  F e y n m a n  
r u l e s  y i e l d  the  c r o s s  s e c t i o n  
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L- 

p' 
k~ 

q = p - p '  = k 2 -  k I 

Fig. 1. Neutrino scattering on a nuclear target. 

d 2 a _  G 2 1 1 dk2 
2 (2u)2 2 ~ -  2~22 ~ p ~ i ~ v  ' 

~ : Tr  {7p(1+ 75)~17~(1 + y5)~2} , 

W = (2~)3~2 ~ E 5 ( 4 ) ( p - p  ' -q)(p  I J~-)(0)lp ') (p' l  Jp(+)(0)l p)E : (1) 
i / 

J~±)(O): V~:L)(0). A(~+)(0) is the appropr ia te  isospin component of the nuclear  
weak current ,  ~q is the quautization volume, E is the energy of the target ,  
and the weak coupling constant is G = 1.023 × 10-5/m 2, for m the proton 
mass  :~. 

Lorentz  and t ime r eve r sa l  invariance r e s t r i c t  Wp~ to the form 

2 W /m 2 q~% Wpv = WlSp ,+ W2/rnTP~P~+ 

2 2 
+ Wf~/rnT(P p q~, +P~,qp) + Ws/rnT~ ~ '~"  paq~. , (2) 

where  rr/T is the target  mass .  The form factors  W~ depend only upon the 
- j 

s ca l a r s  q2 and q .p ,  and t h e l a s t  t e rm cor responds  to vec tor -ax ia l  in ter-  
ference.  With the definition cos X = k2/c 2 cos (~, the lab c ross  sect ion is 

dk2d~2 /v  2~2rn T { W 2 + [ 2 W l + ~  Wa] tan2(½X) 

+ (U 5 + W 8) m2~/(m T e 2 cos2(½ x)) 

- 2Ws/m T tan (½X)sec (½X)[q2 cos2(½X) + ]q!2 sin2(½×) +rn~]½} . (3) 

:~ There is insufficicient experimental evidence for this process to warrant inclusion 
of the Cabibbo angle in the weak coupling constant. We simply ignore it. 
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F o r  an t ineu t r ino  r e a c t i o n s  the s ign of  W 8 is r e v e r s e d .  Dropp ing  the t ime  
r e v e r s a l  r e q u i r e m e n t  fo r  the n u c l e a r  c u r r e n t s  would p e r m i t  a t e r m  in W/~v 
p r o p o r t i o n a l  to ( p p q v -  Pvqp), but this  would not con t r ibu te  to the c r o s s  
s ec t i on  when c o n t r a c t e d  with 77/_iv. 

3. Q U A S I - F R E E  PROCESSES 

F o r  q u a s i - f r e e  p r o c e s s e s  the nuc l e a r  weak c u r r e n t  is obtained by 
s u m m i n g  the individual  nuc leon  c u r r e n t s :  

k , k ' , ~ , ~ '  k '~ '  

bk,-~ ~, ( k ' k ' ]  j(±)(0)]k~t} ak; t (N* produc t ion)  , (4) = 

k ,  k ' , ~ , ~ '  

with a~f(b t) the f r e e  nuc leon  ( i sobar)  c r e a t i o n  o p e r a t o r .  The e l e m e n t a r y  
c u r r e n t  j(-~)(j(-)) c o n n e c t s  a neu t ron  (proton) to a p ro ton  (neutron) o r  an 
i s o b a r .  We d e s c r i b e  the t a rge t  s ta te  as  a s u p e r p o s i t i o n  of n o n - i n t e r a c t i n g  
n e u t r o n  and p ro ton  F e r m i  g a s e s  with m o m e n t u m  d i s t r i bu t ions  n n (k) and 
np(k)  r e s p e c t i v e l y  and can now e x p r e s s  Wpv in the lab f r a m e  in t e r m s  of 
the s ingle  nuc leon  m a t r i x  e l e m e n t s :  

(Wpv)la  b = f  d k / ( k ,  q ,  w) Tpv , (5a) 

mT~ ~(c k-  ok_q÷ co)n i(k)(1 - ~f ([ k - q f)) 
f ( k ,  q ,  w) - , (5b) 

(2zr) 3 ekek_q 

( - ) (0 ) l  k - q ~ , )  (5c) ~2  .~ (k_q~,lj(f)(0)lkx>(/,x]:~ T~zv = e k Ck-q ~t;t ' 

=- T15t~ v + T2/m2 kl~k v + Ta/rn2q~t qv + T~/m2 (kt~ q v + kvql~ ) 

+ T8/m2elxv(z.rk(zq.: . (Sd) 

The  s ing le  p a r t i c l e  f o r m  f a c t o r s  depend only upon q2, and hi(k) is the 
neu t ron  (proton) m o m e n t u m  d i s t r i bu t ion  fo r  inc ident  neu t r i nos  (ant ineut r inos) :  
c l e a r l y  t he se  r o l e s  a r e  r e v e r s e d  for  nf(k). We include the Pau l i  exc lus ion  
f a c t o r  (1 - n f ( ] k  - q l  )) f o r  q u a s i - e l a s t i c  s c a t t e r i n g ;  for  a p u r e  F e r m i  gas 
mode l  hi(k) = 0 ( k F i - ] k  I). This  f a c t o r  s i m p l y  e n s u r e s  that the r e c o i l  nuc leon 

l i e s  ou t s ide  the F e r m i  sea.  F o r  a g e n e r a l i z e d  m o m e n t u m  d i s t r ibu t ion  this  
f a c t o r  can only be a p p r o x i m a t e  and,  as noted by L0vse th  [5], we mus t  r e -  
q u i r e  that  n(k) < 1 fo r  (5b) to be meaningful .  

The  L o r e n t z  t r a n s f o r m a t i o n  p r o p e r t i e s  oi W. .  and T. v a r e  now used to 
d e t e r m i n e  the Wj in t e r m s  of the Tj. In the lab ~ rame ,  (~) b e c o m e s  
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2 
W~u : W16htv- W2 6t_l,4 5v4 + % /mT  q l.zql. , 

+ i W $ / m  T (6 t~ 4 q ~' + 5 v4 qp) - iW8/mT ~ ~t vcr 4q(~ " (6) 

E a c h  t e r m  in (5d) is i n s e r t e d  into (5a) and then c o m p a r e d  with (6). In p e r -  
f o r m i n g  the angu la r  i n t eg ra t ion ,  "r is the angle  be tween  k and q d e t e r m i n e d  
by the del ta  funct ion.  The  r e s u l t  of this  compu ta t i on  is 

W 1 = a lT  l+½(a 2 - a  3 ) T  2 , 

W 2 : [ a 4 + 2 ~ / l q l a  5+w2/tq12a3+½q2/lql  2(a 2 - a 3 )  I T  2 , 

2(3 a t 2 2 2m2/(m I ql)a6T ~ ~V = m 2 / l q  2 3-~as)  T 2 + m T / m  alTot+ 

Wfl : m T / m  (a 7 + w~ I qla 6) T ~ , 

Y¢ 8 = mw/m (a7 + w/ l q la 6) T 8 , (7) 

al = f  d k f ( k , q ,  w) , 

k2 
a s : f d k / ( k ,  q ,  ~) ~2,  

k 2 c o s 2 7  
a 3 = f dk / (k ,  q, w) 

m s 

a 4 = f d k f ( h , q ,  w) ek 
rn2" 

a 5 = f d h f ( k , q ,  ¢o) ckk  cos  r 

a 6 = f d h / ( h ,  q ,  w) ~ c2s  "r 

a 7 : f d k / (k ,  q,  ~/-~ ~ 

The  aj conta in  all  the nuc l e a r  p h y s i c s  in the s ingle  p a r t i c l e  m o m e n t u m  
d i s t r i bu t i ons  and e n e r g i e s  and can be eva lua ted  ana ly t i ca l ly  for  a s imp le  
F e r m i  gas mode l  hi(k) = 0 ( k F i -  I k l  ). T h e s e  r e s u l t s  a r e  given in the appen-  

dix. We now eva lua te  Tj for  q u a s i - e l a s t i c  s c a t t e r i n g  and r e s o n a n c e  p r o d u c -  
t ion in t e r m s  of " e l e m e n t a r y "  f o r m  f a c t o r s .  

3.1. Quasi- elastic scattering 
F o r  q u a s i - e l a s t i c  s c a t t e r i n g  the c u r r e n t  m a t r i x  e l emen t  is 

2 -1 (~) k~a2) ~(k'x') (F1% ÷F2%~ % 

- iFsq 7z+ FA757 ~ - iFp 75qp +F T 75~p0 t qot rz} Tiu(k)Q ' 
(8 

w h e r e  we have kept  the s e c o n d - c l a s s  c u r r e n t s  F S and F T fo r  gene ra l i t y  
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(note that  CVC is inval id  if Fs(q 2) ¢ 0). All  F i a r e  r e a l  as  a c o n s e q u e n c e  of 
h e r m i t i c i t y  and t ime r e v e r s a l  i nva r i ance .  I n s e r t i n g  (8) into (5c) and c a r r y i n g  
out the r e s u l t i n g  t r a c e s  y ie lds  the Tj: 

i 2 _ 2  T1 = ½q2(Fl + 2rnF2 )2+(2m2+~q ) ~ A  ' 

2 + q 2 F 2  ) , T 2 :  2m2(F~ +q 2 F22 + F A 

T = - m 2 / q  27" I+¼T 2+m 2F S[ -2mF l~q2F2+(2m 2+½q2)FS  ] 

rn2(2mF A _ q2 + F p )  [- F T + 1/(2q 2) (2mF A - q2Fp)] , 

T2 ½T 2 + m 2 F S [ 2 r n F 1  q2 m 2 _q2 = - - F2]  + F T [2rnF A F p ]  , 

T 8 = 2m 2 F A ( F  1+ 2mF2)  . (9) 

It is c l e a r  which t e r m s  cons t i tu te  v e c t o r - v e c t o r ,  a x i a l - a x i a l ,  o r  i n t e r f e r -  
ence  con t r ibu t ions .  The  dependence  on the n o n - c o n s e r v e d  p a r t  of the c u r r e n t  
is a l so  expl ic i t  (note that  2rnF A = q2 Fp is the condi t ion for  a c o n s e r v e d  
ax ia l  cu r r en t ) .  

3.2. Isobar production 
We now c o n s i d e r  q u a s i - f r e e  exc i ta t ion  of a nuc leon  r e s o n a n c e  of spin JR, 

p a r i t y  nR, and m a s s  m R. In the e a r l i e r  t r e a t m e n t  of e l e c t r o n  s c a t t e r i n g  [1], 
the B j o r k e n - W a l e c k a  a n a l y s i s  [13] of the n u c l e o n - i s o b a r  e l e c t r o m a g n e t i c  
v e r t e x  was  quite  usefu l ,  s ince  it p r o v i d e d  a r a t h e r  e legan t  e x p r e s s i o n  fo r  
the nuc leon  t e n s o r  T/~ u in t e r m s  of the e l e c t r o m a g n e t i c  c u r r e n t  he l ic i ty  
a m p l i t u d e s  fo r  p r o d u c t i o n  of any i s o b a r .  T h e r e f o r e ,  we extend this a n a l y s i s  
to the n u c l e o n - i s o b a r  weak i n t e r a c t i on  ve r t ex .  In this c a s e ,  the v e c t o r -  
ax ia l  i n t e r f e r e n c e  and the n o n - c o n s e r v a t i o n  of the weak c u r r e n t  r e p r e s e n t  
addi t iona l  c o m p l i c a t i o n s .  

In ana lyz ing  the n u c l e o n - i s o b a r  v e r t e x ,  we w o r k  in the r e s o n a n c e  r e s t  
f r a m e  and wr i t e  k' = (0, imR) , q = (q*, iq~) and (5c) and (5d) give 

T =  mRCq,~2 ~ <~RJRMIJ(÷)(O)Iq%><q%Ij(-)(O)I~RJRM>. (11) 
Mh 

The p r o b l e m  is now to use  a ngu l a r  m o m e n t u m  c o n s e r v a t i o n  and the t r a n s -  
f o r m a t i o n  p r o p e r t i e s  of the c u r r e n t  in a s tudy  of the m a t r i x  e l emen t  for  
i s o b a r  exci ta t ion .  We s t a r t  by expanding the ini t ial  nuc leon  s ta te  in e igen-  
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s ta tes  of angular momentum and par i ty  lqujm); choosing the z - ax i s  to be in 
the q* direct ion we have [12] 

iq*)t = + ½ > :  ~ ~ {(q +jm} + l q-jrn} } . (12) 
jm  

Iq* ~ : - ~} : E ( 2 J 2 £ ~ ½  1) j -½ - j~n)}  . 8~ / (- {Iq +J'~) - Iq 
jm  

The mat r ix  e lements  in (ii) are now taken between s ta tes  of definite angular 
momentum and par i ty ,  and we can use the Wigner -Eckar t  theorem to ex- 
t r ac t  the M-dependence of the matr ix  e lements  

<~RJRM~'p(+)(O)Iq *~jm) = (- 1) J R - M  <~RJR I I] (±)(0)11 q*~J) , 
/ -M p 

@aJRM]J~±)(O))q*Trjm) = (- 1)JR-M 0 m <;rRJR)IJ )(0)1) q*rrj) ('13) 

where  the spher ica l  components ]p are  J+l  = ~ 1 / ( 2  (ix :~ ijy) and J0 = Jz. 
We now introduce the following helici ty ampli tudes of the vdctor  and axial 
cur rents : 

mR6q,~22 ½ _ _ _ _  1 1 ( J R  1 j} 
fo : (  8~m2 ) ~ ( 2 j + I ) ~ ( - 1 ) J R - p - ~  (~RJR llV(O) llq*~j) ' 

J - n - ½  n ½ 

2 ± 

go :\ 8rim2 / ~ (2j+1) ~ ( - 1 / R - p - ~  JR 
• I 

j - P - ~  

2 1 / ~'DE~*~ x z 
- <~RJRll %(0)t/q*~j), 

lJ 1 p 
A (o) la ~J>, 

(mRCq*~22 ½ 
g e = ~  ~ ) % J R I J %  (0/ I jq*v>" (14) 

It is unders tood in (14) that only the appropr ia te  values of the pari ty  7r con- 
t r ibute  in the var ious  ampli tudes.  Current  conservat ion for the vec tor  
cur ren t  

qI~(~RJRMIV~ ~:)(O)l q'X> = 0 

implies  that q*fc = qofc. This leads us to define the amplitude [14] 
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q* 

- - - -  (q 'go-  q0 gc) g d - q 2  , 

which would vanish if the axial current  were conserved. Finally we compute 
the Tj in te rms of the helicity amplitudes. Inspection of (10) reveals  that 
T/~ u has five independent form factors,  and our approach is to evaluate five 
sca lar  quantities in t e rms  of (10) and in te rms  of (11) to (14). A s t ra ight-  
forward, although lengthy, calculation gives the resul ts  

3 
Ti j= 2m2{I f+ l  2+ if 12+]fo !2+ }g+12+ Ig 12+ IgO i2} 

i:1 

= 3T 1 + ] q*I2/m2(T2+Tot+ 2T/~) , 

T44 = -  2 . ,  2 {1/c]2+ l~l 2} 
2 2 qo2/m2(T2 + T : T 1 - rnR/rn T 2 - + 2T/3) 

* 2 
- 2mRqo/m (T 2 + 7'/3) , 

3 3 
* * + 

~ q iq jT i j  : 21q*12m2R{lfo}2 tg012} 
i=i j : l  

= ]q*[2 + q* {T 1 ] 12/rn2(Tz+T~ +2T/3)} 

3 

qi (T i4 + T 4i) = 4im21q * 
i=1 

Re {f0f~ ÷ g0gc} 

= 2i]q* 2 { q o / m 2 ( T 2 + T  ~+2T~)+mR/m2(T2+T~)  } ,  

3 

½CijkTijqk = - 2im2R ]q* ] R e { f _ g ! -  f +g+} 
i , j , k : l  

=-  i ]q* ]2rn R/rn2 T 8 . 

This set of equations determines the Tj: 

T1 = m 2 { I f + l  2 + f  12+ Ig+t 2+ /g  12}, 

(15) 

(16a) 

2 m q* 2 12 2+ _ 12 T 2 : q  2/1 I {If+ + If_l Ig+l 2+ tg 

* * * 2  * 2 +2q2/] q * t 2 [ I f  el 2+ Ig c ] 2 - 2 q 0 / ] q * ]  Re(gcgd)+q0 / q / Ig d]2]} ,(16b) 
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T 
(9/ 

T~ 

T 8 = 

where  

=_ (k-q~2 q* 6 * 2 m2/q2Tl+ -q2- J T2+21m21gdt2q4/I I {(mR+q 0) 

,_)) 3 * -q0*2 (_jk.q -4m2rnR(k'q)/Iq*l Re(gcg d) , (16c) 

2/lq* 3 * =-k ' q /q2T2-2m2mRqoq2 / lq l41gd l2+2m2mR q I Re(gcgd)(~6d ) 

_ _ f * 2 m 2 m R / I q * l R e { / g * -  +g+} , 

* (q2 2 2 ) / ( 2 m R  ) q0 = +m - m  

* 2 2 2 2 2 
l q  I = (q2+rn + m R ) / ( 4 m  R ) - m  , 

k ' q  = ~(q2+m2R_m 2) . 

(16e) 

Again the v e c t o r - v e c t o r ,  axial -axial ,  and in te r fe rence  t e r m s  are  easi ly 
identif ied,  and the non -conse rved  par t  of the axial cu r ren t  appears  in t e r m s  
containing gd. The resu l t s  for T 1 and T 2 agree  with the Bjorken-Walecka  
r e su l t s  if all g ' s  a re  set  to zero.  Eq. (16) is the main resu l t  of this section.  
It e x p r e s s e s  the T~ needed in our general  express ion  for quas i - f r ee  p roces se  
(7) d i rec t ly  in t e r J s  of the hel ici ty  ampl i tudes  for weak excitat ion of any 
i sobar ,  and these a re  in turn  given d i rec t ly  by the mat r ix  e l ements  of the 
vec to r  and axial cu r r en t s  between nucleon and isobar  s ta tes .  Final ly,  we 
note that in the ex t r eme  re la t iv i s t i c  l imit  (m~ = 0, X = 0) the f ree  nucleon 
c ros s  sec t ion is 

2 2 
( ~ ) l a b  G2 ¢2c° s  ( ~ ) { q 4 / ] q * } 4  2+ 2] 

2e 1 [ l / c l  )gc 1 
=~2 (1+-- s i n  2 ½ 0 )  

m2R tan2(½0). [ l f+ I ~ + (q2/(21q* 12 ) + ~n2~ + I/_ 12+ lg+/2+lg_l 21 

*2 4.1 "16 2 * 4 5 * 
+q0 q / / q  Igdl - 2q  0q / I  4 1  Re(gcg d) 

1 

- 2 s i n ½ ~ )  (q2 cos 2~0+ l q i  2 sin2½0) ~ R e [ f g  - f+g+]} . 
Iq* 1 cos2½0 - _ 
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4 N U M E R I C A L  R E S U L T S  

We now p r e s e n t  s o m e  r e s u l t s  fo r  q u a s i - e l a s t i c  s c a t t e r i n g  and fo r  q u a s i -  
f r e e  p r o d u c t i o n  of the  ( 3 -  3) r e s o n a n c e ,  o u r  a s s u m p t i o n  b e i n g  that  the  l a t t e r  
p r o c e s s  d o m i n a t e s  s i n g l e - p i o n  p r o d u c t i o n  in the  a p p r o p r i a t e  r e g i o n  of l ep ton  
e n e r g y  l o s s .  We s i m p l y  r e p l a c e  the n u c l e a r  f o r m  f a c t o r s  Wj in (3) by t h e i r  
e x p r e s s i o n s  (7) in t e r m s  of the aj and Tj. The  aj c on t a in  the n u c l e a r  p h y s i c s ,  
and  we s h a l l  u se  the  a n a l y t i c  r e s u l t s  of the  a p p e n d i x  fo r  the  s i m p l e  F e r m i  
gas  m o d e l .  F i n a l l y ,  the  Tj  a r e  g iven  in t e r m s  of the  " e l e m e n t a r y "  nuc l eon  
f o r m  f a c t o r s  in (9) and (16) for  q u a s i  e l a s t i c  s c a t t e r i n g  and i s o b a r  e x c i t a t i o n ,  
r e s p e c t i v e l y .  The  f o r m  f a c t o r s  F 1 and F 2 a r e  o b t a i n e d  f r o m  the e l e c t r o -  
m a g n e t i c  f o r m  f a c t o r s  by CVC, and the s e c o n d  c l a s s  c u r r e n t s  F~  and Fm 
a r e  a s s u m e d  to be a b s e n t .  We use  FA(q2)  = FA(O),/(1 + q 2 / ( 0 . 7 5 G e V ) 2 )  2 and 
t a k e  F p ( q  2) = 2mFA(qU),/(q2+ 7n2). T h i s  p r e s c r i p t i o n  fo r  F p  shou ld  be good 
fo r  s m a l l  q2 ,  but the  b e h a v i o u r  at  l a r g e  q2 i s  not known. We have  u sed  
Z u c k e r ' s  h e l i c i t y  a m p l i t u d e s  [14] fo r  i s o b a r  p r o d u c t i o n .  He has  p e r f o r m e d  
a ful ly  r e l a t i v i s t i c  N / D  c a l c u l a t i o n  of the  weak  p r o d u c t i o n  p r o c e s s  in e s s e n -  
t i a l l y  the s a m e  m o d e l  u sed  by P r i t c h e t t ,  W a l e c k a  and Z u c k e r  [15] in a 
s t u d y  of r e s o n a n c e  e l e c t r o p r o d u c t i o n .  T h i s  e a r l i e r  c a l c u l a t i o n  s e t s  the 
n o r m a l i z a t i o n  for  Z u c k e r ' s  r e s u l t s  [14]. In add i t i on ,  we have  fo lded  in a r e a -  
s o n a b l e  width  [16] f o r  the  N*(1236). The  v a l u e s  of k F and c 1 ( see  append ix )  
have  been  t aken  f r o m  f i t s  of the  s a m e  m o d e l  [1] to e l e c t r o n  s c a t t e r i n g  $, wh i l e  
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Fig.  2. The c ross  sect ion for quas i -e las t i c  neutrino sca t te r ing  on 58"7Ni at low 
momentum t rans fe r  ( lql  ~ kF) showing the effect of the exclusion principle.  Note: 

E=~I" 

:~ The neutron and proton F e r m i  momenta were taken as kFn = (2N/A)I/3k F and 

(2Z/A)I /2kF,  respect ive ly .  The implicat ion here is that,  for a given kF ,  the kFp 
density of nuclear  ma t te r  is independent of the ra t io  of neutrons to protons.  This 
assumption is supported by e las t ic  eJee t ron-sea t te r ing  data, which show that nu- 
c lea r  half -densi ty  radi i  vary  as A 1/3 and that APo/Z , where P0 is the centra l  
proton densi ty,  is roughly constant for heavy nuclei. 
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the i n t e r a c t i o n  e n e r g y  of the r e c o i l  p a r t i c l e  i s  c h o s e n  to be z e r o  (as was  
done in re f .  [1]). F i n a l l y ,  a l l  c r o s s  s e c t i o n s  have  been  c o m p u t e d  for  a 
m o n o c h r o m a t i c  up b e a m ;  a v e r a g i n g  o v e r  a r e a l  n e u t r i n o  s p e c t r u m  could  be  
e a s i l y  done us ing  the ana ly t i c  r e s u l t s  of the appendix .  

In fig. 2 we show the c r o s s  s e c t i o n  for  q u a s i - e l a s t i c  n e u t r i n o  s c a t t e r i n g  
on 58.7Ni at an inc iden t  e n e r g y  of 0.5 GeV and s c a t t e r i n g  a n g l e s  of 20 ° , 35 ° 

I 

, 1()2gcm2/GeV- sr 

k F = 0.271GeV 

~ _ ~ : 0.042 GeV 

;I \ / E,-- o.5oo 

0.1 0.2 0.3 0.4 0.5 

w, LEPTON ENERGY LOSS (GeV) 

- ,  163~:m21GeV - sr 
k F = 0.271GeV 

1.5 ~" = 0.042 GeV 

05 ] \  ,:o5oo  

I_ 1 ~ \ _  I %1 _ 
O0 0.1 0.2 0.3 0.4 0.5 

w, LEPTON ENERGY LOSS (GeV) 

F i g .  3. Q u a s i - e l a s t i c  and  24"(1236)  p r o d u c t i o n  c r o s s  s e c t i o n s  on  5 8 " 7 N i  f o r  (a) 
electron scat ter ing and (13) neutrino scat ter ing at 0.5 GeV incident energy and a 60 ° 

scat ter ing angle. 
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and 50 ° . The  d o m i n a n t  f e a t u r e  in this  r eg ion  w he r e  the m o m e n t u m  t r a n s f e r  
I q l  is  c o m p a r a b l e  to the F e r m i  m o m e n t u m  is the effect  of the e xc l u s i on  
p r i n c i p l e .  Th i s  r e d u c t i o n  in the n u m b e r  of " a v a i l a b l e "  f ina l  s t a t e s  is d i r e c t l y  
responsible for the straight-line portion on the left-hand side of each curve. 
The peaks are offset from the origin by an energy corresponding to the 
binding energy of the target nucleon. As the scattering angle increases the 
momentum transfer l ql increases and the exclusion effect becomes 
diminished. Bell and Llewellyn-Smith [6] find the shell model is "less 
exclusive" than the Fermi gas model. 

The quasi-elastic and N*(1236) peaks in fig. 3a are for electron scattering 
on 58.7Ni at incident energy 0.5 GeV and scattering angle 60 ° plotted with 
the experimental data [7]. The corresponding peaks in fig. 3b are for neu- 
trino scattering at the same angle and incident energy. The difference in 
endpoint for the N -" peaks is due to the additional energy required for the 
muon rest mass. In this region of momentum transfer the two peaks are 
well separated and exclusion effects are minimal. With incident beams of 
moderate energy resolution, the neutron (proton) Fermi momentum could 
be determined directly from the width of the quasi-elastic peak for incoming 
neutrinos (antineutrinos). It would then be interesting to compare kFp 

measured this way with the value obtained from electron scattering [7]. 
At NAL energies, one would like to extract the neutrino cross section 

from the quasi-elastic peak. However, we point out that the widths of the 
quasi-elastic and isobar peaks are proportional not only to the Fermi 
momentum but also to the momentum transfer l q[. Consequently, we can 
expect these peaks to overlap appreciably for high energies at all but the 
smallest scattering angles. This is seen explicitly in fig. 4, where the 
results are shown for 15 GeV incident neutrinos and a scattering angle of 
5 ° . The N* width has been folded in. It is clear that one must be quite 
careful in extracting single nucleon data in such a situation. 

The effect of the exclusion principle and nuclear Fermi motion may be 
easily seen by examining the ratio 

dq 2/nuclear "dq 2/nucleon 

obtained by integrating d2~/dq2d¢o. For stationary non-identical nucleons 
this would simply be the number of targets in the nucleus. In fig. 5 we plot 
the sum rule corresponding to this ratio which was derived by Berman [17] 
for a non-relativistic Fermi gas and is discussed by Walecka [18]. In the 
same figure we show the ratio computed for 208pb at 1 GeV incident neu- 
trino energy. This curve is smaller than the sum rule primarily_ because 
of the binding energy of the struck nucleon. The cross section d2cr/dq2do~ 
which we integrate over co contains as a recoil factor the ratio of the 
energies of the observed and incident leptons. The energy required to 
remove the recoiling nucleon from the nuclear potential necessarily reduces 
the energy available to the observed lepton. At higher incident energies this 
effect becomes negligible. The sharp falloff of the cross section ratio at the 
high q2 side of the graph is due to the fact that not all energy transfers are 
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F i g .  4. Q u a s i - e l a s t i c  and N * ( 1 2 3 6 )  p r o d u c t i o n  c r o s s  s e c t i o n s  and t h e i r  s u m  for  2 0 8 p b  
at an i n c i d e n t  e n e r g y  of 15 G e V  and a s c a t t e r i n g  a n g l e  of 5 ° .  
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F i g .  5. T h e  c a l c u l a t e d  r a t i o  (d(Y/dq2)208pb/(dcr/dq2)n at i n c i d e n t  n e u t r i n o  e n e r g y  

1 G e V  and a n o n - r e l a t i v i s t i c  s u m  r u l e .  
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p o s s i b l e  (due to e n e r g y  c o n s e r v a t i o n )  at  f ixed q2. The  sum ru le  i n t e g r a t e s  
over all energy losses; the experiment must conserve energy. 

5. CONCLUDING REMARKS 

In conclusion we make some brief comments on the validity of our model. 
Firs t ,  the inclusion of a binding energy in the nucleon single particle 
energies (see appendix) violates strict conservation of the vector current. 
However, we could "fix this up" by adding a term - i F l C l q t t / q  2 to the nu- 
clear matrix element (k']Vplk), but,, we readily see that this contributes to 
the cross section only to order m~. Second, our use of plane waves for the 
ejected nucleon states is justified when only the final lepton is observed. 
The reason is simply that we can rewrite the nuclear response function so 
that the final state is eliminated through closure: 

W = (2 7r)3a 
pu 

~ 6(4)(q + p, _ p)<p [)~-)(o)]p,><p, IJ~(+/(o) Ip>E, 
i / 

' -  " =(- )0, )  ( + ) ' o '  [ p > E .  (18) =(2~)3~ Efd4xeUl'X(p[j V "2~ ~ 
i 

Now the final  s t a t e s  ]p ' )  which a r e  " r e a c h e d " ,  but not o b s e r v e d ,  in the (u, ~) 
o r  (6, ~') p r o c e s s e s  a r e  e x t r e m e l y  c o m p l i c a t e d ;  fo r  example ,  they can 
conta in  m o r e  than one p a r t i c l e  in the con t inuum plus  exc i t a t ion  of the r e s i d -  
ual nuc leus .  N e v e r t h e l e s s  it is c l e a r  f r o m  (18) that we need only a c o m p l e t e  
se t  of A - p a r t i c l e  s t a t e s  at the a p p r o p r i a t e  energy .  It is i n c o r r e c t  to add 
s i n g l e - p a r t i c l e  m a t r i x  e l e m e n t s  be tween  s ingle  nuc leon  init ial  s t a t e s  and 
f inal  s t a t e s  inc luding  a n u c l e a r  a b s o r p t i o n  fac to r .  We have  s i m p l y  c o n s t r u c t e d  
the A - b o d y  n u c l e a r  s t a t e s  out of p lane  waves .  Aga in  the binding e n e r g y  
i n t r o d u c e s  a compl i ca t i on :  we a r e  us ing  a m m p l e t e  se t  of s t a t e s  with s l igh t ly  
incorrect energies. However, for large momentum transfers and energy 
losses, the nucleons are "almost free" and the error  should be very small. 

Consider next our description of the initial target state. The important 
quantity in determining the quasi-free reaction is the one-body momentum 
distribution. The aj can be computed numerically from (7) for any n(k), but 
we have used the analytic results for n(k) = O(k F - k). We expect this to give 
good results for two reasons: the very high momentum components arising 
from short range correlations have been shown to modify the (e, e') quasi- 
elastic cross section only slightly [19], because the high momentum tail is 
very small in magnitude; second, the quasi-elastic cross section, for large 
m o m e n t u m  t r a n s f e r  I q t  ~ 2kF is i n sens i t i ve  to the deta i led  shape  of n(k)  
n e a r  the F e r m i  s u r f a c e .  This  can be seen  expl ic i t ly  by c o m p a r i n g  the F e r m i  
gas  ca lcu la t ion  of (e, e ' )  q u a s i - e l a s t i c  s c a t t e r i n g  [1] with fig. 15 of D o n n e l l y ' s  
c a l cu l a t i on  [20]. 

F ina l ly ,  we s u m m a r i z e  our  ma in  poin ts .  We have compu ted  the c r o s s  
s ec t ion  fo r  neu t r ino  q u a s i - e l a s t i c  s c a t t e r i n g  and for  q u a s i - f r e e  i s o b a r  ex-  
c i ta t ion ,  r e t a in ing  r e l a t i v i s t i c  k i n e m a t i c s  fo r  the r e c o i l i n g  p a r t i c l e  and the 
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ful l  r e l a t i v i s t i c  h a d r o n i c  weak  v e r t e x .  T h i s  i s  the  f i r s t  c a l c u l a t i o n  of the  
N* (1236) and shou ld  be  use fu l  in s e p a r a t i n g  the  s t r i c t l y  n u c l e a r  e f f e c t s  
f r o m  pion  p r o d u c t i o n .  The  i s o b a r  c r o s s  s e c t i o n  i s  e x p r e s s e d  in t e r m s  of 
the  h e l i c i t y  a m p l i t u d e s  of the  w e a k  c u r r e n t ,  o b t a i n e d  f r o m  a g e n e r a l  
a n a l y s i s  of the n u c l e o n - i s o b a r  v e r t e x .  F o r  the  s i m p l e  F e r m i  gas  m o d e l ,  
we can e v a l u a t e  the  c r o s s  s e c t i o n  fo r  f ixed  i n c i d e n t  n e u t r i n o  e n e r g y  a n a l y t i -  
c a l l y ,  a l l o w i n g  us to a v e r a g e  o v e r  any n e u t r i n o  s p e c t r u m  e a s i l y .  We s t r e s s  
tha t  e x a c t l y  the s a m e  m o d e l  h a s  a l r e a d y  been  a p p l i e d  v e r y  s u c c e s f u l l y  to 
i n e l a s t i c  e l e c t r o n  s c a t t e r i n g  f r o m  c o m p l e x  n uc l e i ,  s u g g e s t i n g  that  ou r  
c a l c u l a t i o n  shou ld  r e l i a b l y  p r e d i c t  the  d o m i n a n t  f e a t u r e s  of the n u c l e a r  
w e a k  r e s p o n s e  func t ion .  

We would  l i ke  to thank  P r o f e s s o r  J. D. W a l e c k a  for  s u g g e s t i n g  th i s  c a l -  
c u l a t i o n  and fo r  m a n y  he lp fu l  d i s c u s s i o n s  whi le  the w o r k  was  in p r o g r e s s .  
We a l s o  thank  Dr .  P . A .  Z u c k e r  fo r  s e n d i n g  us  a t ab l e  of h is  i s o b a r  h e l i c i t y  
a m p I i t u d e s .  

A P P E N D I X  

In th i s  a p p e n d i x  we g ive  the  a n a l y t i c  e x p r e s s i o n s  fo r  the aa de f ined  in 
J 

(Sb) and (7) for  the c a s e  of a s i m p l e  F e r m i  gas  no~(k) = O(kFo t - k ) .  To 

e v a l u a t e  the aj we a s s u m e  e k = (} k ]2 + m2)1/2  _ e l  ' e k _ q  = (] k - q 12 + m'2)1 /2  
- e  2 which  a l l o w  for  d i f f e r e n t  b ind ing  e n e r g i e s  of i n i t i a l  and f ina l  p a r t i c l e s .  
F o r  q u a s i - e l a s t i c  s c a t t e r i n g ,  m '  = m; for  r e s o n a n c e  p r o d u c t i o n ,  m '  = m R. 

We de f ine  

2 + m2)½ 
e = ( l k l  ; W e f  t = w + e 2 - e  1 ; 

qeff  = l q l  - C ° e f f + m  - m  ; a = e I 1+ ; 

We  i n t r o d u c e  

j 

b 0 - 

bl= 

d = q2eff/(21qlm) . 

m T ~  
{e + a l n ( e - e l ) + b l n ( e - e  1+c0)}t~1 , (2n)21 q 1 

m T ~  1 
--i~.e 2 + a(e+ elln(e- el) ) + b(e+ (e 1- 

(2 . )  2 q l m 

(AI') 

(AI") 

(AI '") 



R . A  . Smith and E. J.  Moniz , Neutrino reactions 621 

m T ~  1 {~E3 a ( 2 2 - + e 1 E + e 2 1 1 n ( e - e l )  ) 
b2 - (2 )21q I m2 ÷ 

+b(½~ 2 + _ _ u .  (A 1 "") 

The  i n t e g r a t i o n  l i m i t s  c u and e 1 a r e  d e t e r m i n e d  by the m o m e n t u m  d i s t r i -  
bu t i ons  and  the de l ta  funct ion.  The de l ta  func t ion  d e t e r m i n e s  that I k]  cos ~- 
= ce +din .  The c r o s s  s e c t i o n  wil l  v a n i s h  u n l e s s  Icos ~'1 --< 1 which i m p l i e s  
that  E 1 ~ m ( c d + ~ l - c 2 + d 2 ) / ( l - c 2 ) .  F o r  q u a s i - e l a s t i c  s c a t t e r i n g  only,  the 
e x c l u s i o n  p r i n c i p l e  for  the f ina l  s t a te  m e a n s  e 1 >1 (k2f+  m2) 1 / 2 -  Wef  t where  

kFf is the F e r m i  m o m e n t u m  a s s o c i a t e d  with the outgoing nuc leon .  The  

upper  limit_ e u i S  s i m p l y  d e t e r m i n e d  by the h ighes t  l eve l  in the t a rge t ,  i .e .  
= ( k ~ i + m 2 ) Z / 2 .  We then take for  E 1 the l a r g e s t  va lue  i m p o s e d  by the £U 

above  c o n s t r a i n t s .  Of c o u r s e  if e l > E u the c r o s s  s e c t i on  is ze ro .  F i n a l l y ,  
in t e r m s  of the bj, we have 

a 1 =b  O, a 2 = b 2 - b  O ,  

2e I e 2 

a 4 =  b2 -  ~ b l + ~ b  0 ,  

a 3 = c2b 2 +2cdb l + d 2 b O  , 

a 5 cb 2 ( d  elC" e l d  
= + - -m - - )  b l - ~ m ~ b o  ' 

c 1 
a6 = Cbl +dbo  ' a7  = b l -  --m bo " (A2) 

F o r  the F e r m i  gas ,  ~2 may  be r e p l a c e d  by 3 v 2 N / ( k 3 n )  , w h e r e  N i s  the 

n u m b e r  of n e u t r o n s  in the n u c l e u s .  The  b ind ing  e n e r g i e s  of the t a rge t  nu -  
c l e o n s  a r e  chosen  so that  n e u t r o n s  and p r o t o n s  at  the F e r m i  s u r f a c e s  wil l  
have  the s a m e  b ind ing  ene rgy .  
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